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RECONSTRUCTION OF A COLORING FROM ITS HOMOGENEOUS SETS
C. PIN˜A AND C. UZCA´TEGUI
Abstract. We study a reconstruction problem for colorings. Given a finite or countable set X, a
coloring on X is a function ϕ ∶ [X]2 → {0,1}, where [X]2 is the collection of all 2-elements subsets
of X. A set H ⊆X is homogeneous for ϕ when ϕ is constant on [H]2. Let hom(ϕ) be the collection
of all homogeneous sets for ϕ. The coloring 1 − ϕ is called the complement of ϕ. We say that ϕ is
reconstructible up to complementation from its homogeneous sets, if for any coloring ψ on X such
that hom(ϕ) = hom(ψ) we have that either ψ = ϕ or ψ = 1 − ϕ. We present several conditions for
reconstructibility and non reconstructibility. We show that there is a Borel way to reconstruct a
coloring from its homogeneous sets.
1. Introduction
In this paper we study the following reconstruction problem for colorings. Given a finite or
countable set X, a coloring on X is a function ϕ ∶ [X]2 → {0,1}, where [X]2 is the collection
of unordered pairs of X. Let hom(ϕ) be the homogeneous sets for ϕ; that is, the collection of
H ⊆ X such that ϕ is constant on [H]2. Clearly, hom(ϕ) = hom(1 − ϕ). We say that ϕ is
reconstructible up to complementation from its homogeneous sets, if for any coloring ψ on X such
that hom(ϕ) = hom(ψ) we have that either ψ = ϕ or ψ = 1 − ϕ. In the terminology of graphs, we
are talking about graphs that can be reconstructed (up to complementation) from the collection of
their cliques and independent sets.
A somewhat similar reconstruction problem for graphs was addressed in [3, 4, 8]. They analyzed
a variant of the well known graph reconstruction conjecture (see [1]), and studied conditions under
which a pair of graphs with the same homogeneous sets are isomorphic up to complementation.
An example of a reconstructible coloring is given by the random graph. We extract from this
example a general method for showing reconstrutibility which is quite useful. Suppose that for every
F ⊆X with ∣F ∣ = 4 there is F ⊆ Y finite such that ϕ∣Y is reconstructible, then ϕ is reconstructible.
In particular we have that whenever a coloring ϕ on N has infinite many initial segments which are
reconstructible, then ϕ itself is reconstructible. We also analyze this reconstruction problem from
the descriptive set theoretic point of view. For instance, the collection of reconstructible colorings
on N is a dense Gδ subset of the space of coloring 2
[N]2 , that is, from the Baire category point of
view, almost every coloring is reconstructible.
The first example that we found of a non reconstructible coloring is given by a partition of N
into two infinite sets. We associate to this partition a coloring ϕ where for x and y two different
natural numbers, ϕ({x, y}) = 1 if both x and y belong to the same part of the partition. This
example satisfies a very simple criteria for non reconstructibility. Suppose there is a pair {x, y}
such that ϕ({x, z) = 1 − ϕ({y, z}) for all z ∈ X ∖ {x, y}. Then ϕ is not reconstructible. Such pairs
will be called critical. We present a characterization of those colorings that admit a critical pair.
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In the example mentioned above of a coloring associated to a partition of N into two parts,
the collection of its homogeneous sets has exactly two ⊆-maximal elements. Motivated by that,
we present some results relating the structure of the family of maximal homogeneous sets to the
reconstruction problem.
In the last section of the paper we present some results from the descriptive set theoretic point
of view. Notice that hom(ϕ) is a closed subset of 2N, thus it is an element of the hyperspace
K(2N), which it is endowed with the usual Vietoris topology. We show that there is a Borel
way to reconstruct a coloring from its homogeneous sets. More precisely, there is Borel map
f ∶K(2N)→ 2[N]
2
such that f(hom(ϕ)) is a reconstruction of ϕ, i.e., hom(f(hom(ϕ)) = hom(ϕ).
To finish this introduction we comment about our original motivation. A collection H of subsets
of N is tall, if for every infinite set A ⊆ N, there is an infinite set B ∈ H such that B ⊆ A. Ramsey’s
Theorem says that hom(ϕ) is tall for every coloring ϕ on N. Some tall families admit a Borel
selector, that is, a Borel map such that given an infinite set A, the map selects an infinite subset
of A belonging to the tall family ([5]). The collection hom(ϕ) is an important example of a tall
family admitting a Borel selector ([5, 6]). It is an open problem to find a characterization of those
tall Borel families that admit a Borel selector. A quite related question is to characterize when a
tall Borel family H admits a coloring ϕ such that hom(ϕ) ⊆ H. In other words, when is it possible
to extract from such tall family H a coloring ϕ such that hom(ϕ) ⊆ H? These considerations lead
naturally to a Borel reconstruction problem: Suppose H = hom(ϕ), can we recover from H, in a
Borel way, a coloring ψ such that hom(ψ) = H? In the last section of the paper we show that the
answer is positive.
2. Preliminaries
We will use standard notation from Set Theory. Throughout the article, X will denote a count-
able (finite or infinite) set. Given k ∈ N, we will denote by [X]k the collection of all subsets of X of
size k, by [X]<k the subsets of X of size strictly less than k, and by [X]≤k the union [X]k ∪ [X]<k.
The collection of all finite subsets of X will be denoted by [X]<ω. If n is a positive integer, it will
also denote the set of its predecessors n = {0,1,2, . . . , n − 1}. Moreover, given A ⊂ N we denote by
A/n the set {a ∈ A ∶ a > n}.
The collection of all mappings from [X]2 into {0,1} will be denoted by 2[X]
2
, and an element
from this collection we will be called a coloring (on X). Given Y ⊆X and ϕ ∈ 2[X]
2
, we will denote
by ϕ∣Y the restriction of ϕ to [Y ]2. We say that ψ extends ϕ, and write ϕ ⊆ ψ, whenever ϕ is a
coloring on Y , ψ is a coloring on X, Y ⊆ X and ψ∣Y = ϕ. We write ϕ ⊂ ψ when ϕ ⊆ ψ and ϕ ≠ ψ.
The family of colorings 2[X]
2
will be seen as a topological space with the usual product topology
which makes it homeomorphic to 2X .
A partition of X is a collection (Ai)i∈I of non empty subsets of X such that I ⊆ N, X = ⋃i∈I Ai,
and Ai ∩ Aj = ∅ for every i ≠ j in I. Given X = ⋃i∈I Ai a partition of X, we let the coloring
associated to the partition be the mapping ϕ ∶ [X]2 Ð→ 2 defined by ϕ({x, y}) = 1 if, and only if,
x, y ∈ Ai for some i ∈ I. Given a linear ordering (X,<) and {n,m} ∈ [X]2, we denote by {n,m}<
the fact that n < m. If e = {rn}n is an enumeration of Q, the Sierpin´ski coloring ϕe ∶ [N]2 Ð→ 2,
associated to e, is defined by ϕe({n,m}<) = 1 if, and only if, rn < rm.
The random graph E on N (see [2]) has the following extension property. Given two finite disjoint
subsets A,B of N, there is n ∈ N such that {x,n} ∈ E for all x ∈ A and {y,n} /∈ E for all y ∈ B. This
makes E universal in the following sense. Given a graph ⟨N,G⟩, there is a subset X ⊆ N such that
⟨N,G⟩ ≅ ⟨X,E∣X ⟩.
Given a coloring ϕ ∈ 2[X]
2
, we say that H ⊆ X is i-homogeneous (for ϕ) if ϕ′′[H]2 ≡ i, and
i ∈ {0,1}. Furthermore, we denote by hom(ϕ) the set of homogeneous sets for ϕ; that is,
hom(ϕ) = {H ⊆X ∶ ϕ is constant on [H]2, and ∣H ∣ > 2}.
2
Let us observe that hom(ϕ) = hom(ψ) if, and only if, hom(ϕ) ∩ [N]3 = hom(ψ) ∩ [N]3. In fact,
suppose hom(ϕ) ∩ [N]3 = hom(ψ) ∩ [N]3 and let H be a homogeneous set for ϕ. Let {x, y},{w,z}
be two different pairs in [H]2, by hypothesis {x, y,w} and {y,w, z} are ψ-homogeneous, hence H
is ψ-homogeneous. We state this observation for later reference.
Proposition 2.1. Let ϕ and ψ be two coloring on a set X. Then hom(ϕ) = hom(ψ) if, and only
if, hom(ϕ) ∩ [N]3 = hom(ψ) ∩ [N]3.
It is clear that if ϕ is the coloring associated to the partition X = ⋃i∈I Ai, then hom(ϕ) = {H ∶H ⊆
Ai for some i ∈ I, and ∣H ∣ > 2} ∪ {H ∶ ∣H ∩Ai∣ ≤ 1 for every i ∈ I, and ∣H ∣ > 2}; where the second
term in the union is empty if we have a partition into two parts (∣I ∣ = 2). On the other hand, if ϕe
is the Sierpin´ski coloring associated to an enumeration e = {rn}n of Q, then H ∈ hom(ϕe) if, and
only if, H is monotone respect to e; that is, if either rn < rm for every n < m in H, or rn ≥ rm for
every n <m in H. In general, by the Ramsey’s Theorem, hom(ϕ) ≠ ∅ for every ϕ ∈ 2[X]
2
. We recall
that Ramsey’s Theorem states that given an infinite set X and a coloring ϕ ∶ [X]2 Ð→ 2, there is
H ⊆X infinite such that ϕ is constant in [H]2.
A coloring ϕ ∈ 2[X]
2
is said to be reconstructible (up to complementation) from its homogeneous
sets if given a coloring ψ ∈ 2[X]
2
such that hom(ϕ) = hom(ψ), we have that either ϕ = ψ or ϕ = 1−ψ.
Let R be the collection of all reconstructible colorings on a set X, and let ¬R be its complement.
We will call a coloring unreconstructible if it belong to ¬R. Since hom(ϕ) = hom(1 − ϕ), we have
that ϕ ∈ R if, and only if, 1 − ϕ ∈ R. Finally, given ϕ,ψ ∈ 2[X]
2
, we say that ψ is a non trivial
reconstruction of ϕ if hom(ψ) = hom(ϕ) but ψ ≠ ϕ and ψ ≠ 1 −ϕ.
3. Reconstructible colorings
The aim of this section is to present some sufficient conditions for the reconstructibility of a
coloring. On the one hand, we shall see that in order to determine if a coloring belongs to R, it
is enough to ensure that some finite restrictions do. On the other, we will introduce properties E0
and E1, and we will see that any coloring with any of these properties is in R.
3.1. Finitistic conditions for reconstructibility.
Notice that, by Ramsey’s Theorem, given any coloring ϕ ∈ 2[N]
2
there is H ∈ [N]∞ such that
ϕ∣H ∈ R. Indeed, if H ∈ [N]∞ is such that ϕ∣H is a constant coloring, and if ψ ∈ 2[H]
2
is such that
hom(ψ) = hom(ϕ∣H) = {A ⊆ H ∶ ∣A∣ > 2}, then ψ is also constant and therefore ψ = ϕ or ψ = 1 − ϕ.
Nevertheless, as expected, we will see in Section 4 that there are unreconstructible colorings. Thus,
that ϕ∣H ∈ R for some ϕ ∈ 2[N]
2
and some H ∈ [N]∞ does not guarantee that ϕ ∈ R. However, as
shows Theorem 3.1, if ϕ∣F ∈ R for every F ∈ [N]≤4 then ϕ ∈ R.
Theorem 3.1. Let ϕ be a coloring on X. If for every F ∈ [X]≤4 there is a finite set Y ⊆ X such
that F ⊆ Y and ϕ∣Y ∈ R. Then, ϕ ∈ R.
Proof. Let ϕ,ψ ∈ 2[X]
2
be such that hom(ϕ) = hom(ψ). Suppose that for every F ∈ [X]≤4 there is
Y ⊆X such that F ⊆ Y and ϕ∣Y ∈ R; and that there are x, y ∈ X such that ϕ({x, y}) = ψ({x, y}).
We will show that ϕ = ψ. Let w,z ∈ X with {x, y} ≠ {z,w}. By hypothesis, there is Y ⊆ X
such that {x, y,w, z} ⊆ Y and ϕ∣Y ∈ R. We have hom(ϕ∣Y ) = hom(ψ∣Y ), ϕ∣Y ∈ R and ϕ({x, y}) =
ψ({x, y}), therefore ϕ∣Y = ψ∣Y . In particular, ϕ({w,z}) = ψ({w,z}) and we are done. 
There are colorings ϕ such that ϕ ∈ R but ϕ∣F /∈ R for some ∣F ∣ ≤ 4 (see Example 6.2).
Corollary 3.2. Let ϕ be a coloring on N. Suppose that for infinitely many n, ϕ∣{0,⋯, n} ∈ R, then
ϕ ∈ R.
Question 3.3. Is it true that if ϕ ∈ R, then ϕ has arbitrarily large initial segments in R?
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We will make later some remarks about the previous question (see Propositions 4.10 and 4.11).
Theorem 3.1 stresses the importance of knowing examples of colorings with finite domains be-
longing to R. Our first example is trivial but we include it for future references. The second one
shows how to extend any coloring on a finite set to a reconstructible one. Afterwards, we shall see
that the coloring associated to the extension ordering on binary sequences is in R.
Example 3.4. Any constant coloring belongs to R.
Example 3.5. Let ϕ0 be any coloring of the pairs of F = {x, y,w, z}. Let a and b be two elements
not in F . Consider a coloring ϕ on X = F ∪ {a, b} which extends ϕ0 as in the picture below (where
the colors between the elements of F are not drawn).
x
a b
y z w
ϕ
x
a b
y z w
ψ
We claim that ϕ ∈ R. In fact, let ψ be a coloring of [X]2 such that hom(ϕ) = hom(ψ). It will
look as depicted above. Again the colors between elements of F are not drawn, and the dashed lines
are all of the same color, but we do not know which one. Suppose there is {u, v} ∈ [X]2 such that
ϕ({u, v}) = 1 − ψ({u, v}). We will show that ϕ = 1 − ψ. We will assume that u = x and v = y. A
completely analogous argument works for the other cases.
Notice that {a, b, x},{a, b, y},{a, b, z},{a, b,w} ∈ hom(ϕ) = hom(ψ). Let i = ϕ({x,a}). We
consider two cases:
Case 1: Suppose ϕ({x, y}) = i. It follows that {x, y, a} ∈ hom(ϕ) = hom(ψ), and therefore
ψ({a, z}) = ψ({a, b}) = ψ({a,w}) = ψ({a, y}) = ψ({x, y}) = 1 − i. Now notice that ϕ({z,w}) =
ψ({z,w}) would imply {a, z,w} ∈ hom(ϕ) △ hom(ψ) which is a contradiction. It follows that
ϕ({z,w}) = 1 − ψ({z,w}).
Case 2: Suppose ϕ({x, y}) = 1 − i. Then {x, y, a} ∉ hom(ϕ) = hom(ψ). But, ψ({a,x}) =
ψ({a, b}) = ψ({a, y}), thus ψ({a,x}) ≠ ψ({x, y}) = i and therefore ψ({a,w}) = ψ({a, z}) =
ψ({a,x}) = 1 − i. Then, we argue as in the previous case to see that ϕ({z,w}) ≠ ψ({z,w}).
In either case, we have that ϕ = 1 − ψ.
From the previous example we get the following more general fact.
Proposition 3.6. Let ϕ be a coloring on X and a, b /∈ X. Then, there is a coloring ψ on X ∪{a, b}
such that ϕ ⊂ ψ and ψ ∈ R.
Proof. Let ϕ be a coloring on X, a, b /∈ X, and define ψ on X ∪ {a, b} by ψ({a, b}) = ψ({a,x}) =
ψ({b, x}) = 1 for all x ∈ X, and ϕ ⊂ ψ. From the previous example we get that ψ satisfies the
hypothesis of Theorem 3.1, hence ψ ∈ R. 
Example 3.7. Let X = 2≤3 be the collection of all binary sequence of length at most 3. Let ϕ be
the coloring associated to the extension ordering on X, i.e., ϕ({x, y}) = 1 iff y is an extension of
x. This coloring looks as below, where only 1-edges are drawn.
4
ab c
d e f g
hi j k l m n o
ϕ
a
b c
d e f g
hi j k l m n o
ψ
We show that ϕ ∈ R. Let ψ be a coloring of [X]2 such that hom(ϕ) = hom(ψ). Notice that every
branch and every anti-chain is homogeneous (for both). Suppose that ϕ({x, y}) = 1 − ψ({x, y}) for
some {x, y} ∈ [X]2. We need to show that ϕ = 1 − ψ. We consider the case x = d and y = b, the
other cases are similar. Then all branches starting on i, h, j or k are of color 1 for ϕ and of color
0 for ψ. Since {i, h, d} is not homogeneous, then ψ({i, h}) = 1. Therefore {i, h, j, k, l,m,n, o} is
1-homogeneous for ψ. Since {l,m, f} is not homogeneous, then ψ({l, f}) = 0 or ψ({m,f}) = 0. In
either case, we get that all branches starting from l, m, n or o are all 0-homogeneous for ψ. As
before, we conclude that {d, e, f, g} and {b, c} are 1-homogeneous for ψ. This shows that ϕ = 1 −ψ.
Example 3.8. Let ϕ be the coloring associated to the extension ordering on binary sequences. Then
ϕ ∈ R. We will use Theorem 3.1. Let F ⊂ 2<ω be a set with at most 4 elements. It is easy to verify
that ϕ∣F is isomorphic (as a graph) to a subset of ϕ∣2≤3. From Example 3.7, ϕ∣2≤3 ∈ R and we are
done.
The following two examples will be needed to study colorings associated to partitions of N.
Example 3.9. Let X = {0,1,2,3,4, 5} and consider the partition of X given by {0,1,2}, {3,4} and
{5}. Let ϕ be the coloring associated to this partition. It is depicted below, where we only draw the
pairs with color 1, i.e. those {x, y} which are a subset of a part of the partition.
0
1
2
3
4
5
We claim that ϕ ∈ R. In fact, let ψ be a coloring on X such that hom(ϕ) = hom(ψ). Notice that
{0,4,5}, {0,3,5} and {2,4,5} are ϕ-homogeneous and {0,1,3} and {3,4,5} are not ϕ-homogeneous.
Since hom(ϕ) = hom(ψ), ψ({0,1}) = ψ({3,4}) = 1 − ψ({0,3}). Thus, ψ is either ϕ of 1 − ϕ.
Example 3.10. Let ϕ be a coloring on a set F = {a, b, c, d, e}, and let G = {x, y, z} be disjoint from
F . Let X = F ∪G, and ψ be the extension of ϕ to X as depicted below, where we only draw the
pairs {u, v} of color 1 with u ∈ Fand v ∈ G.
a b
x
c
y
d
z
e
We claim that ψ ∈ R. In fact, let ρ be a coloring on X such that hom(ψ) = hom(ρ). We assume
without lost of generality that ρ({x,a}) = ψ({x,a}) = 1, and we prove that ρ = ψ. Using the same
5
kind of arguments as in Example 3.9, it is easy to verify that ρ({u, v}) = ψ({u, v}) for every u ∈ F
and v ∈ G, and also for u, v ∈ G. So, it remains to show that ρ also extends ϕ. Indeed, given
u, v ∈ F , there is w ∈ {x, y, z} such that ψ({w,u}) = ψ({w,v}) = 0. Thus, ρ({w,u}) = ρ({w,v}) = 0.
We need to show that ψ({u, v}) = ρ({u, v}). Suppose otherwise, ψ({u, v}) /= ρ({u, v}). Then,
{u, v,w} ∈ hom(ρ)△ hom(ψ), a contradiction.
3.2. Properties E0 and E1.
Now we introduce a property for a coloring stronger than being in R. It was motivated by the
extension property of the random graph. Given i ∈ {0,1}, we say that a coloring ϕ ∶ [N]2 Ð→ 2 has
the property Ei if for every finite set F ⊂ N there is z ∈ N∖F such that ϕ({z,x}) = i for every x ∈ F .
It is clear that if ϕ has the property E0 then 1−ϕ has the property E1. So, for our reconstruction
problem, we could only work with either E0 or E1. The random graph clearly has the property Ei,
for i ∈ {0,1}. Another example is the Sierpin´ski’s coloring. We state a general result for a linear
ordering on N.
Example 3.11. Let R ⊆ N×N be a linear ordering on N. Let ϕR be defined by ϕR({n,m}<) = 1 iff
(n,m) ∈ R. If (N,R) does not have a maximal (resp. a minimal) element, then clearly ϕR has the
property E1 (resp. E0).
Proposition 3.12. Every coloring with property Ei, i ∈ {0,1}, belongs to R.
Proof. We will use Theorem 3.1. Let ϕ be a coloring with the property Ei. Let F = {x, y, z,w} be
a subset of N. By the property Ei, there is a ∈ N∖{x, y, z,w} such that
ϕ({a,x}) = ϕ({a, y}) = ϕ({a, z}) = ϕ({a,w}) = i
and there is b ∈ N∖{x, y, z,w, a} such that
ϕ({b, x}) = ϕ({b, y}) = ϕ({b, z}) = ϕ({b,w}) = ϕ({b, a}) = i.
Let X = F ∪ {a, b}. Now observe that ϕ∣X is isomorphic to the graph in Example 3.5. Thus,
ϕ∣X ∈ R and we are done.

We will now see that any coloring with the property Ei provides infinitely many reconstructible
colorings obtained by making finite changes to the original one.
Let ϕ ∈ 2[N]
2
, and a ⊂ [N]2 be a finite set. Let ϕa ∈ 2[N]
2
be defined by ϕ−1a (1) = a△ ϕ
−1(1). In
other words, ϕa({x, y}) = ϕ({x, y}) if {x, y} ∉ a; and ϕa({x, y}) = 1 − ϕ({x, y}) if {x, y} ∈ a, for
every {x, y} ∈ [N]2. Such colorings are the finite changes of ϕ.
Lemma 3.13. Let ϕ be a coloring on N and a ⊂ [N]2 a finite set. If ϕ has the property Ei, then
ϕa has the property Ei, for i ∈ {0,1}.
Proof. Let us fix i ∈ {0,1}, ϕ a coloring on N with the property Ei and a finite set a ⊂ [N]2. Let
F ⊂ N be a finite set, and consider G = F ∪ {w ∶ {w,z} ∈ a for some z ∈ N}. By the property Ei of
ϕ, there is z ∈ N∖G such that ϕ({z,x}) = i for every x ∈ G. Given x ∈ F , we have {z,x} ∉ a since
z /∈ G. Thus, ϕa({z,x}) = ϕ({z,x}) = i. 
Corollary 3.14. The following collections are subsets of R:
(i) The finite changes of a constant coloring on N.
(ii) The finite changes of the random graph.
(iii) The finite changes of the Sierpin´ski’s coloring.
(iv) The finite changes of ϕR, for R ⊆ N×N a linear ordering on N without maximal or minimal
element.
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4. Non reconstructible colorings
In this section we analyze non reconstructible colorings. We start by showing a condition that
implies unreconstructibility and which used in all examples presented (except Example 4.6). We
also show that any coloring can be extended to a non reconstructible one (Proposition 4.8).
We say that a pair {x, y} is critical for ϕ, if ϕ({x, z}) = 1 − ϕ({y, z}), for all z ∈ X ∖ {x, y}.
Proposition 4.1. Let ϕ be a coloring on X with ∣X ∣ ≥ 3. The following are equivalent.
(i) There is a coloring ψ on X such that hom(ϕ) = hom(ψ), and there is an unique {x, y} ∈ [X]2
such that ϕ({x, y}) ≠ ψ({x, y}).
(ii) There is a critical pair for ϕ.
In particular, every coloring with a critical pair is not reconstructible.
Proof. (i)⇒ (ii). Suppose ψ is such that hom(ϕ) = hom(ψ), and there is an unique {x, y} ∈ [X]2
such that ϕ({x, y}) ≠ ψ({x, y}). We claim that {x, y} satisfies (ii). Suppose not, then there
is z ∈ X ∖ {x, y} such that ϕ({x, z}) = ϕ({y, z}). By the uniqueness of {x, y}, we have that
ψ({x, z}) = ψ({y, z}). Then {x, y, z} ∈ hom(ϕ)△ hom(ψ), a contradiction.
(ii) ⇒ (i). Let {x, y} be a critical pair for ϕ. Define ψ ∶ [X]2 Ð→ 2 by ψ({w,z}) = ϕ({w,z})
if {w,z} ≠ {x, y} and ψ({x, y}) = 1 − ϕ({x, y}). Notice that neither a ϕ nor a ψ homogeneous set
contains {x, y}. Then hom(ϕ) = hom(ψ). Clearly the other condition in (i) is satisfied. Finally,
notice that ψ witnesses that ϕ /∈ R.

Before we present a better characterization of a coloring admitting a critical pair, we give our
first example of a non reconstructible coloring, which seems to us the prototype of such colorings.
Example 4.2. Consider a partition of N into two infinity sets, for instance, let A0 be the set of
even numbers and A1 be the set of odd numbers. Let ϕ be the coloring associated to this partition,
i.e., ϕ({x, y}) = 1 if, and only if, {x, y} ⊆ Ai for some i. Then, the pair {0,1} is critical for ϕ, thus
by Proposition 4.1, ϕ ∈ ¬R.
Moreover, given any nonempty set B ⊆ N consider the coloring ϕB ∶ [N]2 Ð→ 2 given by
ϕB({x, y}) = ϕ({x, y}) if {x, y} ≠ {2n,2n + 1} for any n ∈ B; and ϕB({2n,2n + 1}) = 1 for all
n ∈ B. Then, ϕ and ϕB have the same homogeneous sets.
Below we depict a coloring and a non trivial reconstruction of it for the case of a partition of the
set {0,1,2,3,4,5}. Only 1-edges were depicted.
0
2
4
1
3
5
0
2
4
1
3
5
Now we continue our discussion about coloring admitting a critical pair. Let X be a set with
3 ≤ ∣X ∣ ≤ ℵ0. For each coloring ϕ /∈ R on X, let
r(ϕ) =min{∣{{x, y} ∈ [X]2 ∶ ϕ({x, y}) ≠ ψ({x, y})}∣ ∶ ψ ∈ 2[X]
2
, hom(ψ) = hom(ϕ), ψ ≠ ϕ,ψ ≠ 1−ϕ}.
For convenience, let r(ϕ) = 0 if ϕ ∈ R. Notice 0 ≤ r(ϕ) ≤ ℵ0. By Proposition 4.1, r(ϕ) = 1 iff ϕ has
a critical pair.
Proposition 4.3. r(ϕ) ≠ 2 for every ϕ ∈ ¬R.
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Proof. Let ϕ ∈ ¬R, and suppose r(ϕ) = 2 to get a contradiction. Let ψ be a reconstruction of ϕ
such that
∣{{x, y} ∶ ϕ({x, y}) ≠ ψ({x, y})}∣ = 2. (1)
Let {x, y} be such that ϕ({x, y}) ≠ ψ({x, y}). From Proposition 4.1, ϕ does not have a critical pair.
Since {x, y} is not critical for ϕ, there is z /∈ {x, y} such that ϕ({x, z}) = ϕ({y, z}). We claim that
{x, y, z} /∈ hom(ψ). Suppose not and let i be its ϕ-color. Then, {x, y, z} would be a ψ-homogeneous
set of color 1 − i, which contradicts (1). Thus
ϕ({y, z}) = ϕ({x, z}) = 1 −ϕ({x, y}) = ψ({x, y}). (2)
Since {x, y, z} is not ψ-homogeneous, we assume, without lost of generality, that
ψ({x, z}) = 1 − ψ({x, y}). (3)
Notice that ϕ({x, z}) ≠ ψ({x, z}) and, by (1), ϕ and ψ agree on any pair different from {x, z} and
{x, y}. Thus
ψ({y, z}) = ϕ({y, z}). (4)
Since {x, z} is not critical for ϕ, there is w /∈ {x, z} such that ϕ({x,w}) = ϕ({z,w}). From (2), w ≠ y.
By (1), ϕ({x,w}) = ψ({x,w}) = ψ({z,w}). It is easy to verify that {x,w, z} ∈ hom(ϕ)△ hom(ψ),
a contradiction.

Theorem 4.4. Let ϕ be a colorings on a set X with ∣X ∣ ≥ 3. The following are equivalent.
(i) There is a coloring ψ and x ∈ X such that hom(ϕ) = hom(ψ), ϕ ≠ ψ and ϕ∣X∖{x} = ψ∣X∖{x}.
(ii) There is a critical pair for ϕ.
Proof. (i) ⇒ (ii). Let ψ and x be as in the hypothesis of (i). Towards a contradiction, suppose
there are no critical pairs for ϕ. There is y ∈ X ∖ {x} such that ϕ({x, y}) ≠ ψ({x, y}). Since {x, y}
is not critical for ϕ, there is z /∈ {x, y} such that ϕ({x, z}) = ϕ({y, z}). Since ϕ∣X∖{x} = ψ∣X∖{x},
ψ({y, z}) = ϕ({y, z}). Hence, {x, y, z} /∈ hom(ϕ) = hom(ψ), otherwise ψ({x, y}) = ψ({y, z}) =
ϕ({y, z}) = ϕ({x, y}), a contradiction. Then, ϕ({x, z}) ≠ ψ({x, z}). By Proposition 4.3, r(ϕ) ≥ 3,
thus there is {u,w} ∈ [X]2 with {u,w} different from {x, y},{x, z} such that ϕ({u,w}) ≠ ψ({u,w}).
As ϕ∣X∖{x} = ψ∣X∖{x}, we assume that u = x, i.e. ϕ({x,w}) ≠ ψ({x,w}). There are two cases to be
considered: (a) Suppose ϕ({x,w}) = ϕ({x, y}). Then, {x, y,w} ∈ hom(ϕ)△ hom(ψ). (b) Suppose
ϕ({x,w}) = 1−ϕ({x, y}). Then, {x,w, z} ∈ hom(ϕ)△hom(ψ). In both cases we get a contradiction.
(ii)⇒ (i). Follows from Proposition 4.1. 
We know very little about the function r.
Question 4.5. Is there a coloring ϕ such that r(ϕ) = ℵ0?
There are non reconstructible coloring without a critical pair, as we show next. However, we do
not know a method to construct colorings in ¬R without critical pairs.
Example 4.6. The colorings ϕ depicted below are non reconstructible and do not have a critical
pair. Coloring ψ is a non trivial reconstruction of ϕ.
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We have seen that the finite changes of some reconstructible colorings remains reconstructible
(see Proposition 3.13). The following generalization of Example 4.2 shows an analogous fact for
some non reconstructible colorings.
Proposition 4.7. Let ϕ be the coloring associated to a partition of N into two parts. Then,
(i) ϕa ∈ ¬R, for every finite set a ⊂ [N]2.
(ii) For every nonempty set I ⊆ N, there is ϕI ∈ ¬R ∖ {ϕ,1 − ϕ}.
Proof. Let N = A ∪ B be a partition of N, and ϕ ∶ [N]2 Ð→ 2 be the coloring associated to the
partition.
(i) Consider a ⊂ [N]2 a nonempty finite set. Let m = max⋃a, p ∈ A/m and q ∈ B/m. Notice
that {p, z},{q, z} ∉ a for every z ∈ N∖{p, q}. Thus, ϕa({p, z}) = ϕ({p, z}) and ϕa({q, z}) =
ϕ({q, z}) for every z ∈ N∖{p, q}. Then, {p, q} is critical for ϕa, thus by Proposition 4.1ϕa ∈
¬R.
(ii) Let A = {ai ∶ i ∈ N} and B = {bi ∶ i ∈ N} be enumerations of A and B, and consider
∅ ≠ I ⊆ N. Define ϕI ∶ [N]2 Ð→ 2 by ϕI({x, y}) = ϕ({x, y}) if {x, y} ≠ {an, bn} for any n ∈ I;
and ϕI({an, bn}) = 1 for every n ∈ I. Then, for n ∈ I, {an, bn} is critical for ϕI and we are
done by Proposition 4.1.

We have seen in Proposition 3.6 that any coloring can be extended to a coloring belonging to R.
Our next result shows that it can also be extended to a coloring in ¬R.
Proposition 4.8. Let ϕ be a coloring on X and a /∈ X. There is a coloring ψ on X ∪{a} such that
ϕ ⊂ ψ and ψ ∈ ¬R.
Proof. Fix x0 ∈ X and a ∉ X. Let ψ({a,x0}) = 1, ψ({a,x}) = 1 if, and only if, ϕ({x0, x}) = 0 for
x ∈ X ∖ {x0}, and ψ∣X = ϕ. Then, {a,x0} is critical for ψ. Hence, ψ ∈ ¬R by Proposition 4.1.

Example 4.9. The construction in the previous proof can be used to recursively build colorings on
N which are in ¬R.
Let ϕ be a coloring on a set X. We define a sequence (ϕk)k of colorings as follows: Let ϕ0 = ϕ
and let X0 =X. Fix x0 ∈ X0 and pick x1 /∈ X0. Let X1 =X0 ∪ {x1} and define a coloring ϕ1 on X1
by
ϕ1({x0, x1}) = 1, ϕ1({z,x1}) = 1 −ϕ0({z,x0}) for z ∈ X0 ∖ {x0}, and ϕ1∣X0 = ϕ0.
For the recursive step, if we have defined ϕk ∶ [Xk]2 Ð→ 2 and xk ∈ Xk, let xk+1 /∈ Xk, Xk+1 =
Xk ∪ {xk+1} and define ϕk+1 on Xk+1 by the same formula as above; that is,
ϕk+1({xk, xk+1}) = 1, ϕk+1({z,xk+1}) = 1 −ϕk({z,xk}) for z ∈ Xk ∖ {xk}, and ϕk+1∣Xk = ϕk.
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Let ϕ̂ = ⋃k ϕk. Then, ϕ̂ ∈ ¬R. In fact, the pair {x0, x1} is critical for ϕ̂. To see this, it suffices to
show that ϕ̂({x0, xj}) = 1 − ϕ̂({x1, xj}) for j ≥ 2. Indeed, for j = 2 this holds by the construction.
Suppose it is valid up to j. Then
ϕ̂({x0, xj+1}) = ϕj+1({x0, xj+1}) by definition of ϕ̂
= 1 − ϕj({x0, xj}) by definition of ϕj+1
= 1 − ϕ̂({x0, xj})
= 1 − (1 − ϕ̂({x1, xj})) by the inductive hypothesis
= ϕj({x1, xj})
= 1 − ϕj+1({x1, xj+1}) by definition of ϕj+1
= 1 − ϕ̂({x1, xj+1}).
Notice that the argument above is independent of the value of ϕj+1({xj , xj+1}).
A particular example is when X0 = {0,1}, ϕ({0,1}) = 1 and x0 = 1. Then, ϕ̂ is (isomorphic to)
the coloring associated to the partition of {0,1} ∪ {xk ∶ k > 0} into the pieces {0} ∪ {x2k+1 ∶ k ∈ N}
and {x2k ∶ k ∈ N}.
We have left open (see Question 3.3) whether any coloring in R has arbitrarily large initial
segments in R. In what follows, we analyze what happens if the answer to that question is negative.
Proposition 4.10. Suppose ϕ is a coloring on N with ϕ ∈ R and there is n0 such that ϕ∣n /∈ R for
all n ≥ n0. Then, for infinitely many k, there is mk < k such that {mk, k} is critical for ϕ∣k+1.
Proof. Let ϕ and n0 be as in the hypothesis. For each k ≥ n0, let
Tk = {ψ ∈ 2[k+1]
2
∶ hom(ψ) = hom(ϕ∣k + 1), ψ ≠ ϕ∣k + 1, ψ ≠ 1 − ϕ∣k + 1}.
By hypothesis, each Tk is not empty for k ≥ n0. If there is a coloring ρ on N such that ρ∣k + 1 ∈ Tk
for all k ≥ n0, then hom(ϕ) = hom(ρ) , ρ ≠ ϕ and ρ ≠ 1 − ϕ, which is impossible as ϕ ∈ R. Thus
for infinitely many k we have that ψ∣k + 1 /∈ Tk, whenever ψ ∈ Tk+1. Thus any such ψ satisfies that
ψ∣k + 1 = ϕ∣k + 1 or ψ∣k + 1 = 1 − ϕ∣k + 1. Since 1 − ψ ∈ Tk+1, for any such k, there is ψ ∈ Tk+1 such
that ϕ∣k + 1 and ψ satisfy (i) of Theorem 4.4 and we are done.

We do not know if there is a coloring as in the hypothesis of the previous proposition. However,
we have the following result which imposes a restriction to such coloring.
Proposition 4.11. Let ϕ be a coloring on N such that
(i) {0,1} is a critical pair for ϕ∣3, i.e. ϕ({0,2}) = 1 − ϕ({1,2}).
(ii) For every k ≥ 3, there is 2 ≤ j < k such that {j, k} is a critical pair for ϕ∣k+1.
Then, {0,1} is a critical pair for ϕ. In particular, ϕ ∈ ¬R.
Proof. We show by induction on k ≥ 2 that
ϕ({0, k}) = 1 − ϕ({1, k}).
(i) says that the claim holds for k = 2. Let us suppose that the claim holds for all 2 ≤ l ≤ k and we
will show it for k + 1. Let 2 ≤ j ≤ k be such that {j, k + 1} is critical for ϕ∣k+2. Then
ϕ({0, k + 1}) = 1 −ϕ({0, j}) as {j, k + 1} is critical for ϕ∣k+2,
ϕ({0, j}) = 1 −ϕ({1, j}) by the inductive hypothesis,
ϕ({1, j}) = 1 −ϕ({1, k + 1}) as {j, k + 1} is critical for ϕ∣k+2,
ϕ({0, j}) = ϕ({1, k + 1}) from equations above,
ϕ({0, k + 1}) = 1 −ϕ({1, k + 1}) from equations above.

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We do not know if condition (ii) above can be improved to include the case j = 1 (equivalently,
j = 0). The following example shows a coloring on N where {0, k} is critical for ϕ∣k+1 for every k ≥ 2
and ϕ has no initial segment in R. However, we do not know yet if ϕ is reconstructible.
Example 4.12. We define by recursion a coloring ϕ on N.
ϕ({0,1}) = 1,
ϕ({0,2}) = 1,
ϕ({1,2}) = 1 − ϕ({0,1}),
ϕ({0, n + 1}) = 1 − ϕ({0, n}),
ϕ({k,n + 1}) = 1 − ϕ({0, k})) for 0 < k ≤ n.
The last equation says that {0, n + 1} is a critical pair for ϕ∣n+2. The last two equations imply that
ϕ({0, n + 1}) = ϕ({n,n + 1}). Thus, {0, n} is not a critical pair for ϕ∣n+2 (but it is for ϕ∣n+1).
5. Maximal homogeneous sets
The coloring associated to a partition of N into two parts has as homogeneous sets those sets
contained in one of the parts of the partition, and therefore it has exactly two ⊆-maximal homo-
geneous sets: the two parts of the partition. In this section, we work towards showing that any
coloring ϕ ∈ 2[N]
2
such that hom(ϕ) has exactly two maximal elements is in ¬R (Proposition 5.3).
Furthermore, we will see that the class of these colorings is strictly bigger than the class of colorings
associated to a partition of N into two parts. We start proving a technical lemma.
Lemma 5.1. Let ϕ ∈ 2[N]
2
be a coloring such that hom(ϕ) has exactly two maximal elements.
Then, if H1 and H2 are the two maximals of hom(ϕ), the following statements hold:
(a) hom(ϕ) = ℘(H1) ∪ ℘(H2).
(b) ϕ′′[H1]2 = ϕ′′[H2]2.
(c) ∣N∖(H1 ∪H2)∣ ≤ 1.
Proof. Let ϕ ∈ 2[N]
2
be a coloring such that hom(ϕ) has H1 and H2 as its unique maximal elements.
To prove (a), we should see that for every H ∈ hom(ϕ) either H ⊆ H1 or H ⊆ H2. Assume the
opposite, and letM ∈ hom(ϕ) be such that there is x ∈M ∖H1 and y ∈M ∖H2. Then, the following
set is non empty, as it contains M ,
H = {H ∈ hom(ϕ) ∶ {x, y} ⊂H}.
Thus, by the Zorn’s Lemma, H has a maximal element, say H. That is, H ∈ hom(ϕ), {x, y} ⊂H,
and {z} ∪H ∉ H for every z ∈ N∖H. It follows that {z} ∪H ∉ hom(ϕ) for every z ∈ N∖H; that is,
H is maximal in hom(ϕ). Therefore, H =H1 or H =H2, implying that x ∈H1 or y ∈H2. With this
contradiction we conclude that hom(ϕ) ⊆ ℘(H1) ∪ ℘(H2).
For (b), we will assume towards a contradiction that ϕ′′[H1]2 ≡ 1 and ϕ′′[H2]2 ≡ 0. In particular,
∣H1 ∩H2∣ ≤ 1. By Ramsey’s Theorem, hom(ϕ) contains an infinite set, thus we can assume that H1
is infinite. Then, ∣H1 ∖H2∣ = ℵ0 and ∣H2 ∖H1∣ ≥ 2. For every x ∈H1 ∖H2, define the set
Hx = {y ∈H2 ∶ ϕ({x, y}) = 0}.
Notice that ∣Hx∣ ≤ 1 for every x ∈ H1 ∖H2. Otherwise, there would be x ∈ H1 ∖H2 such that
{x} ∪Hx ∈ hom(ϕ). Then, by (a), {x} ∪Hx ⊆H1, and ∣H1 ∩H2∣ > 1, a contradiction.
Analogously, we define My = {x ∈H1 ∶ ϕ({y,x}) = 1} for every y ∈H2 ∖H1; and we conclude that
∣My ∣ ≤ 1 for every y ∈H2 ∖H1.
Let us fix y ∈H2∖H1. Since ∣My ∣ ≤ 1, there is x ∈H1 such that ϕ({y, z}) = 0 for every z ∈H1∖{x}.
Consider p, q ∈ H1 ∖H2 different from x. Then, ϕ({y, p}) = ϕ({y, q}) = 0, implying that Hp = Hq =
11
{y}. Finally, fix z ∈H2 ∖ (H1 ∪{y}), to get that z ∉Hp ∪Hq. That is, ϕ({z, p}) = ϕ({z, q}) = 1, and
therefore {p, q, z} ∈ hom(ϕ). This contradicts (a), and finishes the proof of (b).
For (c), lets us assume that A ∶= N∖(H1 ∪H2) ≠ ∅, and let us fix z ∈ A. We will also assume,
by (b), that ϕ′′[H1]2 = ϕ′′[H2]2 ≡ 1. By the argument in the proof of (b), the sets A1 ∶= {x ∈ H1 ∶
ϕ({z,x}) = 1} and A2 ∶= {y ∈ H2 ∶ ϕ({z, y}) = 1} have size at most 1. Therefore, we can consider
x0 ∈H1 and y0 ∈H2 such that
∀x ∈H1 ∖ {x0}∀y ∈H2 ∖ {y0}(ϕ({z,x}) = ϕ({z, y}) = 0). (5)
Since, by (a), {x, y, z} ∉ hom(ϕ) for every x ∈ H1 and every y ∈ H2, then (5) implies that
ϕ({x, y}) = 1 for every x ∈H1 ∖ {x0} and every y ∈H2 ∖ {y0}. It follows that (H1 ∪H2)∖ {x0, y0} ∈
hom(ϕ), and by (a) either (H1 ∪H2) ∖ {x0, y0} ⊂H1 or (H1 ∪H2) ∖ {x0, y0} ⊂H2. We will assume
w.l.g that (H1 ∪H2) ∖ {x0, y0} ⊂H1. Thus, H2 ∖ {y0} ⊂H1.
Notice that the last assertion and the maximality of H2 imply that y0 ∉ H1. Thus, by (a),
{y0}∪H1∖{x0} ∉ hom(ϕ), and therefore there is p ∈H1∖{x0} such that ϕ({y0, p}) = 0. Furthermore,
by (5) and (a), ϕ({z, p}) = 0 and {z, y0, p} ∉ hom(ϕ), thus ϕ({z, y0}) = 1. That is, y0 ∈ A2.
We are now ready to prove that ∣A∣ ≯ 1. Otherwise, let w ∈ A ∖ {z}. Then, as we argued for
z, there is x1 ∈ H1 such that ϕ({w,x}) = 0 for every x ∈ H1 ∖ {x1}; and ϕ({w,y0}) = 1. Finally,
consider x ∈H1∖{x0, x1} to get that ϕ({w,x}) = ϕ({z,x}) = 0, by the previous affirmation and (5).
Since {z,w,x} ∉ hom(ϕ), it follows that ϕ({z,w}) = 1. Then, {z, y0,w} ∈ hom(ϕ), contradicting
(a). Therefore, ∣A∣ ≤ 1. 
The following example shows that all the conditions considered in the proof of (c), in Lemma
5.1, can be achieved. For the coloring ϕ in Example 5.2, the unique two maximals H1 and H2 of
hom(ϕ) satisfy that H2 ∖ {y0} ⊂H1 for some y0 ∈H2 ∖H1, and that ∣N∖(H1 ∪H2)∣ = 1.
Example 5.2. There is a coloring ϕ ∈ 2[N]
2
such that hom(ϕ) has exactly two maximal elements
H1 and H2, and N ≠H1 ∪H2.
Define ϕ ∶ [N]2 Ð→ 2 by
ϕ({n,m}) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
0, if n = 0 and m > 1;
0, if n = 1 and m > 0 is even;
1, if n = 0 and m = 1;
1, if n = 1 and m > 0 is odd;
1, otherwise.
It is not difficult to see that hom(ϕ) has exactly two maximals: H1 = N∖{0,1} and H2 = {2n+1 ∶
n ∈ N}. Clearly, N∖(H1 ∪H2) = {0} and H2 ∖ {1} ⊂H1.
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Figure 1. Graph of ϕ
As we will see in Proposition 5.3, ϕ ∈ ¬R.
Proposition 5.3. Let ϕ ∈ 2[N]
2
be a coloring such that hom(ϕ) has exactly two maximal elements.
Then, ϕ ∈ ¬R. Furthermore, if N = H1 ∪H2, where H1 and H2 are the two maximal elements of
hom(ϕ), then ϕa ∈ ¬R for every finite set a ⊂ [N]2.
Proof. Let ϕ ∈ 2[N]
2
be a coloring such that hom(ϕ) has H1 and H2 as its unique maximal elements.
By Lemma 5.1 (b), we will assume that ϕ′′[H1]2 = ϕ′′[H2]2 ≡ 1. We will consider two cases:
● Case 1: N ≠ H1 ∪H2. We recall several facts from the proof of (c) in Lemma 5.1: there
is z ∈ N such that {z} = N∖(H1 ∪H2); there is y0 ∈ H2 ∖H1 such that ϕ({z, y0}) = 1 and
H2 ∖ {y0} ⊂ H1 (therefore N = H1 ∪ {y0, z}); and the set A1 = {x ∈ H1 ∶ ϕ({z,x}) = 1} has
size at most 1. We will consider two sub-cases depending on if A1 is empty or not.
(i) If A1 ≠ ∅, say A1 = {x0}, then ϕ({z,x0}) = 1. Furthermore, since {x0, y0, z} ∉ hom(ϕ),
we should have ϕ({x0, y0}) = 0. Moreover, ϕ({z,x}) = 0 and ϕ({x0, x}) = 1 for every
x ∈ H1 ∖ {z,x0}, i.e, {x0, z} is critical for ϕ. Then, by Proposition 4.1 we get that
ϕ ∈ ¬R.
x0
zy0
⋮
H1
Figure 2. Graph of ϕ
(ii) If A1 = ∅, then
∀x ∈H1 (ϕ({z,x}) = 0).
On the other hand, since {y0} ∪H1 ∉ hom(ϕ), by Lemma 5.1 (a), there is p ∈H1 such
that ϕ({y0, p}) = 0. Notice that {p, z} is critical for ϕ. Thus, ϕ ∈ ¬R.
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Figure 3. Graph of ϕ
● Case 2: N =H1 ∪H2. In this case, we will prove that ϕa ∈ ¬R for every finite set a ⊂ [N]2.
Let a ⊂ [N]2 be a finite set, and m =max∪a. We will consider two sub-cases:
(i) If ϕa({x, y}) = 0 for every x ∈ H1/m and every y ∈ (H2 ∖H1)/m. Then, ϕa is a finite
change of the coloring associated to the partition of N into the two parts H1 and
H2 ∖H1. Then, by Proposition 4.7 (1), ϕa ∈ ¬R.
(ii) If ϕa({p, q}) = 1 for some p ∈ H1/m and some q ∈ (H2 ∖ H1)/m. Then, define ψ ∶
[N]2 Ð→ 2 by ψ({x, y}) = ϕa({x, y}) if {x, y} ≠ {p, q}; and ψ({p, q}) = 0.
We will see that hom(ψ) = hom(ϕa) and, since neither ψ = ϕa nor ψ = 1 − ϕa, we will
have that ϕa ∈ ¬R.
Let H ⊆ N with {p, q} ⊂ H, and let w ∈ H ∖ {p, q}. On the one hand, notice that
ϕ′′a[{p, q,w}]
2 = ϕ′′[{p, q,w}]2. Thus, H ∉ hom(ϕa), since {p, q,w} ∉ hom(ϕ) by
Lemma 5.1 (a). On the other hand, since either w ∈ H1 or w ∈ H2 ∖ H1, then
ψ({w,p}) = ϕa({w,p}) = ϕ({w,p}) = 1 or ψ({w,q}) = ϕa({w,q}) = ϕ({w,q}) = 1;
and since ψ({p, q}) = 0 then H ∉ hom(ψ). That is, there is no H ∈ hom(ϕa) ∪ hom(ψ)
with {p, q} ⊂H. It follows that, hom(ϕa) = hom(ψ).

Consider the families
P = {ϕ ∈ 2[N]
2
∶ ϕ is the coloring associated to a partition of N into two parts}.
Pfin = {ϕa ∶ ϕ ∈ P, and a ⊂ [N]2 is finite}.
M= {ϕ ∈ 2[N]
2
∶ hom(ϕ) has exactly two maximal elements}.
We know that P ⊆M ⊆ ¬R and Pfin ⊆ ¬R. In fact, M ⊊ ¬R since it is easy to find an element
from Pfin which is not in M. The following example shows that the inclusion P ⊆M is also strict.
In fact, we provide a ϕ ∈ M which is not in Pfin. Therefore, we will also have Pfin ⊊ ¬R.
Example 5.4. There is a coloring ϕ on N such that hom(ϕ) has exactly two maximal elements,
and it is not a finite change of a coloring associated to a partition of N into two parts.
Let P be the even numbers, and I be the odd numbers. Define ϕ ∶ [N]2 Ð→ 2 by
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Figure 4. Graph of ϕ
ϕ({n,m}) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
1, if n,m ∈ P ;
1, if n,m ∈ I;
1, if n = 4k + 2, m = 4k + 5, and k ∈ N;
0, otherwise.
It is clear that ϕ ∈ M since the only maximal elements of hom(ϕ) are P and I. On the other
hand, ϕ ∉ Pfin, since otherwise there would be ψ ∈ P and a finite set a ⊂ [N]2 such that ϕ = ψa. In
particular, hom(ψa) = ℘(P )∪℘(I). Let {A,B} be the partition of N to which ψ is associated, and let
m =max∪a. Then, A/m,B/m ∈ hom(ψa) = ℘(P ) ∪ ℘(I), and since N = A/m ∪B/m ∪ {0,1, . . . ,m}
it follows that A/m = P /m and B/m = I/m. Furthermore, ϕ({x, y}) = ψa({x, y}) = ψ({x, y}) = 0
for every x ∈ P /m and every y ∈ I/m, but this contradicts that ϕ({4k + 2,4k + 5}) = 1 for every
k ∈ N.
It is easy to see that the coloring in Example 5.2 is an element ofM∖P. On the other hand, it is
also an example of a coloring whose only two maximal homogeneous sets are infinite. That is, the
coloring does not have finite maximal homogeneous sets. The following example shows a coloring
with exactly two infinite maximal homogeneous sets, but with (infinitely) many finite maximal
homogeneous sets.
Example 5.5. Let N = A ∪B be a partition of N into two infinite sets. Let ϕ be a coloring on N
such that A is 0-homogeneous and B is 1-homogeneous for ϕ. Then, hom(ϕ) has A and B as its
only maximal infinite elements iff the following holds:
(i) {y ∈ B ∶ ϕ({x, y}) = 1} is finite for all x ∈ A.
(ii) {x ∈ A ∶ ϕ({x, y}) = 0} is finite for all y ∈ B.
In fact, suppose A and B are the only maximal infinite sets in hom(ϕ). To see (i), let x ∈ A and
H = {y ∈ B ∶ ϕ({x, y}) = 1}. Then H ′ = H ∪ {x} is 1-homogeneous, H ′ /⊆ A and H ′ /⊆ B. Hence H ′
is finite. Analogously we show (ii).
Suppose now that (i) and (ii) hold. Let H be an infinite 0-homogeneous set. We claim that
H ⊆ A. Suppose not and let y ∈ B∩H. Since B is 1-homogeneous, H ∩B = {y}. Since H is infinite,
by (ii) there is x ∈ A ∩H such that ϕ{x, y} = 1, which contradict that H is 0-homogeneous. The
other case is analogous.
A concrete example is as follows. Let A be the set of even numbers and B the set of odd numbers.
We only need to define ϕ({x, y}) for x ∈ A and y ∈ B.
(i) ϕ({2n,2m + 1}) = 0 for m ≥ n.
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(ii) ϕ({2m + 1,2n}) = 1 for n >m.
0
2
4
6
8
1
3
5
7
9
⋮
A B
Figure 5. Graph of ϕ
Notice that {2k + 1 ∶ k ≤ n} ∪ {2n + 2} and {2k ∶ k ≤ n} ∪ {2n + 1} are maximal homogeneous sets
of color 1 and 0, respectively, for every n > 0. So, that hom(ϕ) has infinitely many finite maximal
elements. On the other hand, {0,1} is critical for ϕ, hence by Proposition 4.1, ϕ ∈ ¬R.
We finish this section with an example of a unreconstructible coloring with three pairwise disjoint
infinite maximal homogeneous sets. Contrarily, we will prove in Theorem 6.1 that the coloring
associated to any partition of N into three parts belongs to R. Thus, that hom(ϕ) have at least
three infinite maximal pairwise disjoint elements does not guarantee that ϕ ∈ R.
Example 5.6. Let A = {ai ∶ i ∈ N}, B = {bi ∶ i ∈ N} and C = {ci ∶ i ∈ N} be pairwise disjoint subsets
of N such that N = A∪B ∪C. Define ϕ ∶ [N]2 Ð→ 2 by ϕ({ai, aj}) = ϕ({bi, bj}) = ϕ({ci, cj}) = 1 for
every i ≠ j; ϕ({a0, b0}) = ϕ({a0, c2i}) = ϕ({b0, c2i+1}) = 1 for every i ∈ N; and ϕ({n,m}) = 0 for any
other {n,m} ∈ [N]2.
a0
a1
a2
a3
b0
b1
b2
b2
c0
c1
c2
c3
⋮
⋮
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Figure 6. Graph of ϕ
Notice that A,B and C are maximal elements of hom(ϕ). Moreover, {a0, b0} is critical for ϕ,
thus ϕ ∈ ¬R.
6. Colorings associated to partitions of N into more than two parts
In this section, we will show that, in contrast with Proposition 4.7, the coloring associated to any
partition of N into at least three parts belongs to R (Theorem 6.1). Furthermore, we will provide
conditions on the partition so that the finite changes of the coloring associated to it are also in R
(Proposition 6.3 and Proposition 6.4).
Theorem 6.1. Let (Aβ)β<α, with 3 ≤ α ≤ ω, be a partition of N. Then, the coloring associated to
the partition belongs to R.
Proof. Let 3 ≤ α ≤ ω, and (Aβ)β<α be a partition of N. We will use Theorem 3.1 to show that ϕ ∈ R.
Let F ⊆ N be a set with 4 elements. There are two cases to be consider. If F is homogeneous, then
ϕ∣F ∈ R. Otherwise, there are β, γ, δ < α such that F ⊆ Aβ ∪Aγ ∪Aδ, ∣F ∩Aβ ∣ ≤ 3, ∣F ∩Aγ ∣ ≤ 2 and
∣F ∩Aδ ∣ ≤ 1. Thus, there is Y such that F ⊆ Y ⊂ Aβ ∪Aγ ∪Aδ such that ϕ∣Y is (isomorphic to) the
coloring in Example 3.9 and hence ϕ∣Y ∈ R.

Example 6.2. This example shows that Theorem 3.1 cannot be strengthened in the following sense.
It can happen that a coloring ϕ is reconstructible but there is F ⊆X with ∣F ∣ ≤ 4 and ϕ∣F /∈ R. For
example, let N = A ∪B ∪C be a partition of N into infinite sets, and ϕ be the coloring associated
to the partition. By Theorem 6.1, ϕ ∈ R. However, let x, y ∈ A, z,w ∈ B and F = {x, y, z,w}, then
ϕ∣F /∈ R as {x, z} is critical for ϕ∣F .
In the following we deal with the finite changes of the coloring associated to partition of N. We
show that a finite change of such coloring is in R depends on the type of partitions.
Proposition 6.3. Let (Aβ)β<ω be an infinite partition of N. Then, the collection of finite changes
of the coloring associated to the partition is a subset of R.
Proof. Let (Aβ)β<ω be an infinite partition of N, a ⊂ [N]2 be a finite set, and ϕ be the coloring
on N associated to the partition. We claim that ϕa has the property E0 and thus it is in R, by
Proposition 3.12. Let F ⊆ N be a finite set. Let α be such that (F ∪ {x, y}) ∩ Aα = ∅ for all
{x, y} ∈ a. Pick z ∈ Aα. Then ϕa({z,w}) = ϕ({z,w}) = 0 for all w ∈ F .

Proposition 6.4. Let (Ai)i<k be a finite partition of N, where k > 2, and at least three Ai are
infinite. Then, every finite change of the coloring associated to the partition is in R.
Proof. Let (Ai)i<k be as in the hypotheses, a ⊂ [N]2 be a finite set, and ϕ ∈ 2[N]
2
be the coloring
associated to the partition. We will use Theorem 3.1 to show that ϕ ∈ R. Let F ⊆ N be a set
with 4 elements. We consider two cases. (1) There are i, j such that Ai and Aj are infinite and
F ∩ (Ai ∪Aj) = ∅. Let x ∈ Ai, y ∈ Aj and Y = F ∪ {x, y}. Then ϕ∣Y ∈ R as it is (isomorphic to) the
coloring in Example 3.5. (2) Let i, j, l be such that Ai, Aj and Al are infinite. Let x ∈ Aj, y ∈ Aj
and z ∈ Al such that {x, y, z} ∩ F = ∅. Let Y = F ∪ {x, y, z}. Suppose that at most one of the
sets Ai, Aj and Al is disjoint from F . By an argument analogous to that used in Example 3.10 it
follows that ϕ∣Y ∈ R. 
The following example shows that Proposition 6.4 is optimal in the sense that we cannot ensure
that all finite changes of the coloring associated to a finite partition of N with less than three infinite
parts are in R.
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Example 6.5. There is a partition N = A0 ∪A1 ∪A2 of N, with ∣A0∣ = 2, such some finite changes
of the coloring associated to it are in R and some are in ¬R.
Let A0 = {0,1}, A1 = {2n + 1 ∶ n > 0}, A2 = {2n ∶ n > 0}, ϕ be the coloring on N associated to the
partition (Ai)i<3, and a = {{0,4},{1,5},{4, 5}}. Notice that {4,5} is critical for ϕa, thus ϕa ∈ ¬R.
0
1
2
4
3
5
76
8 9
10 11
⋮
A0 A2 A1
Figure 7. Graph of ϕa
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⋮
Figure 8. Graph of ϕb
On the other hand, notice that ϕ∅ = ϕ ∈ R by Theorem 6.1. A non-trivial finite change of ϕ
which belongs to R is ϕb for b = {{4,5}}. To see this, we argue as in the proof of Proposition 6.4.
Let F = {0,1,2,3,4, 5}. It is easy to verify that ϕb∣F ∈ R.
7. Borel reconstruction
Our last section is devoted to analyze the reconstruction problem from the descriptive set the-
oretic point of view. We estimate the complexity of some classes of colorings naturally related to
the reconstruction problem. We also show that the problem of reconstructing a coloring from the
collection of homogeneous sets can be done in a Borel way.
Let K(2N) be the hyperspace of compact subsets of 2N with the Vietoris topology (see, for
instance, [7, 4F]). Recall that the space of colorings 2[N]
2
is endowed with the product topology.
For any coloring ϕ on N it is easy to verify that hom(ϕ) is a closed subset of 2N (under the
usual identification of a subset of N with its characteristic function). We recall that a subset of a
topological space is Gδ (respectively, Fσ) if it is a countable intersection of open sets (respectively,
a countable union of closed sets).
We show that there is a Borel function g ∶K(2N)→ 2[N]
2
such that
hom(g(hom(ϕ))) = hom(ϕ)
for all ϕ ∈ 2[N]
2
. So g(hom(ϕ)) is a reconstructed coloring from hom(ϕ), but notice that g(hom(ϕ))
might not be neither ϕ nor 1 −ϕ when ϕ /∈ R.
Proposition 7.1. The collection of all colorings on N belonging to R is a dense Gδ subset of 2
[N]2 .
Proof. Recall that hom(ϕ) = hom(ψ) if, and only if, hom(ϕ)∩[N]3 = hom(ψ)∩[N]3 (see Proposition
2.1). The following set is closed:
E = {(ϕ,ψ) ∈ 2[N]
2
× 2[N]
2
∶ hom(ϕ) = hom(ψ)}.
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In fact, (ϕ,ψ) /∈ E if, and only if, there is H ∈ [N]3 such that either H ∈ hom(ϕ) ∖ hom(ψ) or
H ∈ hom(ψ) ∖ hom(ϕ). For every finite set H, it is straightforward to verify that {ϕ ∈ 2[N]
2
∶ H ∈
hom(ϕ)} is clopen. Thus the complement of E is open.
Now consider the relation ϕ ≈ ψ if either ϕ = ψ or ψ = 1 − ϕ. Clearly ≈ is a closed subset of
2[N]
2
× 2[N]
2
. Finally we have
ϕ /∈ R ⇔ ∃ψ ∈ 2[N]
2
((ϕ,ψ) ∈ E ∧ (ϕ /≈ ψ)).
Thus, the collection of colorings that are not reconstructible is the projection of a Kσ set and thus
it is also Kσ.
Finally, for a given coloring ϕ, the collection of all its finite changes is dense in 2[N]
2
. Thus, by
Corollary 3.14, R is dense.

Proposition 7.2. The function ϕ↦ hom(ϕ), from 2[N]
2
to K(2N), is Borel but not continuous.
Proof. Let V be a clopen subset of 2N. We first show that the set of all colorings ϕ such that
hom(ϕ) ⊆ V is Borel in 2[N]
2
. Notice that hom(ϕ) ⊆ V is clearly equivalent to ask that hom(ϕ) ∩
[N]<ω ⊆ V . Hence, we have
hom(ϕ) ⊆ V ⇔ (∀H ∈ [N]<ω)(H ∈ hom(ϕ)→ H ∈ V ).
This is a Gδ relation. Analogously, the set of all coloring ϕ such that hom(ϕ) ∩ V ≠ ∅ is Borel in
2[N]
2
, since hom(ϕ) ∩ V ≠ ∅ if, and only if, hom(ϕ) ∩ [N]<ω ∩ V ≠ ∅.
To show that this map is not continuous consider the following sequence of colorings. Let ϕ
be the coloring associated to the partition of N into even and odd numbers. Let ϕn be the finite
change of ϕ given by the finite set an = {{0,1},{1,2n}}. Then ϕn converges to ψ, the finite
change of ϕ associate to the set {{0,1}}. Notice that hom(ψ) = hom(ϕ). However, hom(ϕn)
does not converge to hom(ψ). To see this observe that hom(ψ) ⊆ V , where V is the open set
{x ∈ 2N ∶ x(1) = 0} ∪ {x ∈ 2N ∶ x(0) = 0}. However, {0,1,2n} is homogeneous for ϕn and
{0,1,2n} /∈ V for all n, thus hom(ϕn) /⊆ V for all n. 
Let HOM = {hom(ϕ) ∶ ϕ ∈ 2[N]
2
}.
Proposition 7.3. HOM is Gδ in K(2N).
Proof. Let Pn denote the collection of subsets of n + 1 of size at least 3. We claim
L ∈HOM ⇔ (∀n ≥ 2) (∃ϕ ∈ 2[n+1]
2
) (L ∩ Pn = hom(ϕ)). (6)
In fact, suppose ϕ is a coloring on N and L = hom(ϕ). Then, ϕ∣n + 1 satisfies the right hand side
of (6).
For the other direction, consider the following set
TL = {ϕ ∈ 2[n+1]
2
∶ L ∩Pn = hom(ϕ) and n ∈ N}.
Then, TL is a finitely branching tree. If L satisfies the right hand side of (6), then TL is infinite,
thus it has a branch ϕ which is clearly a coloring on N. Then, L and hom(ϕ) contain the same
finite sets, thus L = hom(ϕ).
To see that HOM is Gδ we observe the following. Let B ⊆ A ⊂ 2
N with A finite. Then,
{L ∈K(2N) ∶ L∩A = B} is Gδ. The reason is that the relation “x ∈ L” is closed in 2N ×K(2N) and
we have
L ∩A = B ⇔ ∀x ∈ A (x ∈ L↔ x ∈ B).

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Theorem 7.4. There is g ∶ HOM → 2[N]
2
Borel such that, for all L ∈HOM ,
hom(g(L)) = L.
Proof. Consider the following relation
A = {(L,ϕ) ∈HOM × 2[N]
2
∶ L = hom(ϕ)}.
Since the function hom is Borel (see Proposition 7.2), A is Borel. We claim that all vertical sections
of A are closed (and hence compact). In fact, let E be the equivalence relation on 2[N]
2
given by
ϕEψ if hom(ϕ) = hom(ψ). We have seen in the proof of Proposition 7.1 that E is closed. For every
L ∈HOM , if L = hom(ϕ), then AL is the E-equivalence class of ϕ which is closed, as promised.
To define the function g we use a classical uniformization theorem which guarantees that any
Borel relation with Kσ sections has a Borel uniformization (see [7, 18.18]). Thus, there is a Borel
map g ∶ HOM → 2[N]
2
such that hom(g(L)) = L. 
We finish studying the complexity of some of the families introduced in Section 5. We have seen
that P ⊊M ⊊ ¬R and Pfin ⊊ ¬R. Given a class C of colorings, we let
HOM(C) = {hom(ϕ) ∶ ϕ ∈ C}.
Proposition 7.5. HOM(P) is closed and HOM(M) is Fσ in K(2N).
Proof. Consider the function f ∶ 2N →K(2N) given by f(A) =K(A) ∪K(N∖A) for A ⊆ N. Then f
is continuous and its range is HOM(P). By Lemma 5.1, we have
HOM(M) = ⋃
n∈N
{K(A ∖ {n}) ∪K(N∖A) ∶ A ⊆ N}
which shows that HOM(M) is Fσ. 
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